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WEEK 1: GAME THEORY

Example 1. One-pile Nim game. Consider the following two-person game.

• There are initially n stones on the table.

• During a move a player can remove either 1, 2, · · · , or m stones.

• The player who makes the last move wins.

For a fixed m, find all n’s such that the first player has a winning strategy.

Example 2. Two-pile Nim game. Consider the following two-person game.

• Initially there are two piles of stones.

• During a move a player can remove either 1, 2, · · · , or m stones from one of the piles.

• The player who makes the last move wins.

Let (a, b) denote the number of stones initially contained in the two piles. In each of the following cases,

determine all pairs (a, b) such that the first player has a winning strategy.

(1) (Unrestricted case) m = ∞; in other words, a player can remove any number of objects from one

pile during a move.

(2) (Restricted case) m is a fixed finite number.

Example 3. Nimble game. Nimble is played on a game board consisting of a line of squares labeled:

0, 1, 2, · · · , n. Initially, three coins are placed on the squares labled 1, 4 and 5. A move consists of taking one

of the coins and moving it to any square to the left, possibly moving over some of the coins, and possibly

onto a square already containing one or more coins. The game ends when all coins are on the square labeled

0. The last player to move wins. Who has a winning strategy?

Example 4. Coins in a row. Consider a row of 2n coins of values v1, v2, · · · , v2n. Two players take turns

to take a coin from one of the ends of the row until there are no more coins left. The player with the larger

amount of money wins. Prove that the first player has a strategy that never loses the game.


